Exploring recursion.

Many processes involve repeated actions.  For example:

Making Origami polyhedra.

I want the whole class to learn to make modules for an Origami polyhedron called an icosadodecahedron (with 32 faces: 20 triangles and 12 pentagons).   Before class I have taught Allan how to make modules. He shows the class one he has made, and then makes another one while the whole class watches. Allan and Beth make one each so Allan can teach Beth how, while I lead the class on an exploration of the properties of the icosadodecahedron.  While Allen teaches Charlie (by making a new one while Charlie makes one) Beth makes her second module for practice.  At the next stage Allen is teaching Emma (they are each making a module), Charlie is practising by making his second, and Beth is teaching Frank (they are each making a module).

1.
Organise the information given above into a table.

2. 
Extend the table to cover a few more stages.

3.
How many students are involved at stage n?

4.
How many modules are being made at stage n?

5.
What is the total number of modules completed at stage n?

6.
How many modules are needed to make the icosadodecahedron?

7.  
At what stage will there be enough modules made?

Using technology to explore recursion

Each stage n in the making of icosadodecahedron modules produces 

S(n) = S(n-1) + S(n-2) modules. S(1) and S(2) are both 1 (the module Allan brought to class and that one he made to show everyone).  The first terms of this sequence are easy to calculate by hand, but for more detailed investigations technology is a great help.

On the following pages are instructions for using the TI-83 or the Excel spreadsheet to support further investigation of this situation.

The TI-83
[Notation: In the following things you type into the computer, or things the computer displays, are shown in bold.]

To use the TI-81 to explore sequences the first step is to put the calculator into Seq mode.  Press MODE and then move down (with the cursor keys) to the fourth line 

[Func Par Pol Seq].  Move across that line until Seq is indicated, and press ENTER to select that mode.

The next step is to enter the recursive formula for the sequence.  Press Y=. 

The first item (ignoring Plot1 Plot2 Plot3 for the moment) is nMin=. This indicates the starting value for n, which is 1 in this case (because we are calling S(1) the first term of the sequence.  Some people would call it S(0) and put 0 for nMin=.)  

u(n)= is where we put our recursive formula.  The calculator insists that a sequence be called "u" or "v" or "w" so we'll have to give up our notation "S(n)".  Enter u(n-1)+u(n-2) after u(n)= . You will find "u" on the 7 key.  Press 2nd then 7.  You will find "n" on the X,T,(,n key.  Just press X,T,(,n and n will appear (because you are in Seq mode).

The final thing we need to tell the calculator are the initial values S(1) and S(2).  That's what u(nMin)= is for.  There you need to enter in {1,1}.  You will find { and } are the 2nd functions of the ( and ) keys.  The comma (,) has a key of its own, to the left of (.

Now we are ready to look at the sequence.  Press TABLE (that's 2nd GRAPH).  

1.
Based on the first 30 terms of the sequence, what patterns do you see?

2.
Can you explain why the patterns you see arise?

3. Graph the sequence. (First press WINDOW and set the min and max values for n and the x and y scales on the axes to reasonable numbers, based on your reading of the table, the press GRAPH.)

4. What does the graph suggest about the sequence?  What sort of function would produce such a graph?  What are some special features of those functions?  Does the sequence have those features?

What about the cumulative number of icosadodecahedron modules?  To calculate that we need a second sequence.  We can use v on the calculator for this second sequence.

Return to the Y= screen.  

Beside v(n)= type u(n-1)+v(n-1).  It would be more satisfactory to use  u(n)+v(n-1) (Why?) but the calculator doesn't allow the use of u(n) in the definition of v(n), for reasons known only to TI.  

Beside v(nMin)= type {0}.    

Press TABLE.

v(n) now gives the number of modules that were made at stage n-1.  

1. Do you see any relationships between v(n) and u(n) (other than the one defining v(n))? 

2. Can you explain the relationships you see?

3. Press GRAPH.  What do you notice about the graphs of u(n) and v(n)?  Can you explain what you notice?

The spreadsheet.

[Notation: In the following things you type into the computer, or things the computer displays, are shown in bold.]

In many ways spreadsheets are better for investigating sequences than graphing calculators.  The screens are bigger, allowing more data to be displayed at once, and entering formulae is easier.  On the other hand the format of spreadsheet formulae is very different from the format of mathematical formulae.

Begin with a blank sheet.  At the top of Column A (cell A1) type n. You can use the formatting buttons in the menu bar to italicise your "n" if you want.  Below your n (in cell A2) type 1. Below that type =A2+1.  That's a spreadsheet's way of saying, "take the number in cell A2 and add one to it."  When you press Enter your formula will disappear and be replaced with its current value, 2.  
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Use the mouse to select cell A3 (just click on it).  You'll notice two important things.  The first is that your formula is displayed in a box above the sheet.  The second is a black rectangle that shows that the cell A3 is selected.  In the corner of that rectangle is a small black square.  You can use that square to copy the contents of the cell to adjacent cells.  Click on it (the cursor turns into a black cross when you are in the right spot), and hold down the mouse button while you drag the box down the column to cell A13.  The spreadsheet automatically updates the formula, so that instead of always adding one to the contents of the cell A2, each cell contains the number that is one more than the number above it.

Now we are ready to enter our recursive sequence.  In cell B1 type S(n).  In cells B2 and B3 type 1.   Those are our initial values S(1) and S(2).  Then in cell B4 type =B2+B3.  That's our recursive formula.  Use the copying trick we used in column A to copy the formula from cell B4 into all the cells below it, down to B13.

Want more?  You can select more than one cell to copy at a time.  Click and drag over A13 and B13 to select them both, then drag the box down as far as you want.  Eventually the spreadsheet will display the numbers in scientific notation.  You can get more digits by making to columns wider and changing the Number format (under the Format Cells menu).
1. Based on the first 50 terms of the sequence, what patterns do you see?

2. Can you explain why the patterns you see arise?

3. Graph the sequence. (Select cells B2 to B51.  Choose Insert Chart from the Insert menu. Pick a line chart.  Click Finish.)

4. What does the graph suggest about the sequence?  What sort of function would produce such a graph?  What are some special features of those functions?  Does the sequence have those features?

What about the cumulative number of icosadodecahedron modules?  To calculate that we need a second sequence.   Type T(n) in cell C1.  In cell C2 type =B2.  In cell C3 type =C2+B3.  Copy cell C3 down column C as far as you copied the other two columns.

1. Do you see any relationships between S(n) and T(n) (other than the one defining T(n))? 

2. Can you explain the relationships you see?

3. Select cells B2 to C51. Choose Insert Chart from the Insert menu. Pick a line chart.  Click Finish. What do you notice about the graphs of S(n) and T(n)?  Can you explain what you notice?

4. Click the right mouse button on one of the numbers on the y axis.  From the menu that appears select Format Axis…  Check off Logarithmic scale and click OK.  
5. What do you notice now about the graphs of S(n) and T(n)?  Can you explain what you notice?

Exploring recursion.
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